Let R be any ring containing a non-tivial idempotent element e. Let ℑ : R → R be a mapping such that ℑ(ab) = ℑ(b)a + bℑ(a) for all a, b ∈ R. In this note, our aim is to show that under some suitable restrictions imposed on R, ℑ is additive.
Introduction
In [INH57] , Herstein introduced a mapping * satisfying (a+b) * = a * +b * and (ab) * = b * a+ba * called a reverse derivation, which is certainly not a derivation. Moreover, a mapping ℑ : R → R satisfying ℑ(ab) = ℑ(b)a + bℑ(a) for all a, b ∈ R is called a reverse derivable map. Let e be an idempotent element of R such that e = 0, 1. Then R can be decomposed as follows:
This decomposition of R is called two-sided Peirce decomposition relative to e ([NJ64], see pg. 48). It is easy to see that the components of this decomposition are the subrings of R and for our convenience, we denote R11 = eRe, R12 = eR(1 − e), R21 = (1 − e)Re and R22 = (1 − e)R(1 − e). For any r ∈ R, we denote the elements of Rij by rij for all i, j ∈ {1, 2}.
The relationship between the multiplicative and additive structure of a ring is very important and interesting topic. In this direction, Martindale [WSM69] gave a remarkable result. He imposed a set of suitable conditions on R such that every multiplicative isomorphism on R is additive. In 1991, inspired by Martindale's work Daif [MND91] extended these results to the multiplicative derivations. He imposed same restrictions on R and obtained the additivity of multiplicative derivation. One might call a multiplicative derivation as a derivable map. Following this line of investigation, in this paper we consider the same problem with the reverse derivable mappings. Firstly, we construct an example of a reverse derivable mapping.
In addition, we would like to point out that the notions of reverse derivation and derivation are not always identical. For eg; 
This map φ is a derivation on R but not a reverse derivation.
Results on rings with unity
The primary result in this section reads as follows: Remark 2.4 We note that if ψ is a reverse inner derivation of a ring R, then ψ is a derivation of R and ψ 2 = 0. It is a well-known fact that if d is a derivation of a 2-torsion free semiprime ring such that d 2 = 0, then d = 0. This result prevents the occurrence of nonzero reverse inner derivations in 2-torsion free semiprime rings.
is a reverse inner derivation induced by r12 − r21. Observe that ℑ − ξ is also a reverse derivable map of R. Throughout this section, we denote ℑ − ξ by ζ. Moreover, ℑ is additive if and only if ζ is additive. Firstly, we prove several useful lemmas in order to give the proof of Theorem 2.1:
Lemma 2.5 ζ(e) = 0.
Proof: Since ℑ(e) ∈ R so we have, ℑ(e) = r11 + r12 + r21 + r22. Also, ℑ(e) = ℑ(e 2 ) = ℑ(e)e + eℑ(e). Combining these both expressions, we get r11 = r22 and hence r11 = 0 = r22.
Lemma 2.7 Let xii ∈ Rii and y jk ∈ R jk for i, j, k = 1, 2 and j = k. Then ζ(xii + y jk ) = ζ(xii) + ζ(y jk ).
Proof: Firstly, let i = 1 = j and k = 2. For an arbitrary r12 ∈ R12 we consider (
On the other hand, ζ(x11 +y12)r12 = ζ(r12(x11 +y12))−(x11 +y12)ζ(r12) = −y12ζ(r12). Since, r12 ∈ R12 was arbitrary, we have
On the other hand,r12(x22 + y12) = r12x22. Applying ζ on both sides, we get
Let i = 1 = k and j = 2. For r12 ∈ R12. We consider
Let i = 2 = j and k = 1. For an arbitrary r12 ∈ R12, we consider
Combining relations (1), (2), (3) and (3), we get (ζ(xii + y jk ) − ζ(xii) − ζ(y jk ))R12 = (0) for all i, j, k = 1, 2 and i = j. Our hypothesis proves the result.
Lemma 2.8 ζ is additive on R12.
Proof: Let x12, y12 ∈ R12 be any elements. For an arbitrary r11 ∈ R11, we consider r11ζ(x12 + y12) = 0 = r11ζ(x12) + r11ζ(y12). So, we obtain
For an arbitrary r21 ∈ R21, we consider r21(ζ(x12 + y12)) = 0 = r21ζ(x12) + r21ζ(y12). So, we get
For r22 ∈ R22, we consider (x12 + y12)r22 = (e + x12)(r22 + y12r22). Application of ζ implies that
Multiplying from left side with (1 − e) and from right side with e, we get r22(ζ(x12 + y12)) = r22(ζ(x12) + ζ(y12)). So, we obtain
Combining equations (5), (6), (7) and (8), we get R(ζ(x12 + y12) − ζ(x12) − ζ(y12)) = (0). Since R is unital, we obtain ζ(x12 + y12) = ζ(x12) + ζ(y12) as desired.
Lemma 2.9 ζ is additive on R11.
Lemma 2.10 ζ is additive on eR = R11 + R12.
Proof: For any x11, y11 ∈ R11 and x12, y12 ∈ R22, we have Now, we are all set to prove Theorem 2.1. Proof of theorem 2.1: For any x, y ∈ R and t ∈ eR. we consider, (ζ(x) + ζ(y))t. Since ζ is a reverse derivable map, the last expression can be written as ζ(x)t + ζ(y)t=ζ(tx) − xζ(t) + ζ(ty) − yζ(t). Since ζ is additive on eR by Lemma 2.10, we get 3 Results on rings not necessarily with unity
As example 2.11 shows that the hypothesis of Theorem 2.1 is not necessary for the additivity of ℑ, we now consider a different set of assumptions on R (not necessarily with unity) in order to prove the additivity of ℑ.
Theorem 3.1 Let R be a ring containing a non-trivial idempotent e satisfying:
(i) xeR = 0 implies x = 0 (hence xR = 0 implies x = 0) for all x ∈ R.
(ii) eRx = 0 implies x = 0 (hence Rx = 0 implies x = 0) for all x ∈ R. Next, we show that ψ(xii, x jk ) = 0 = ψ(x jk , xii) for j = k and i, j, k ∈ {1, 2}. Firstly, we consider i = k. For any r li ∈ R li , ψ(xii, x jk )r li = ψ(r li xii, r li x jk ) = ψ(z li , 0) = 0.
(9)
Let r lj ∈ R lj , we have ψ(xii, x jk )r lj = ψ(r lj xii, r lj x jk ) = ψ(0, w lk ) = 0.
Adding (9) 
It is easy to observe that ψ(x12, y12) ∈ R21 for all x12, y12 ∈ R12. Therefore, for any a11 ∈ R11, a11ψ(x12, y12) = 0. For any a12 ∈ R12, we see a12ψ(x12, y12) = 0. Let a21 ∈ R21 and we obtain On combining all these expressions, we obtain Rψ(x12, y12) = 0 for all x12, y12 ∈ R12. In view of hypothesis (ii), we have ψ(x12, y12) = 0 for all x12, y12 ∈ R12.
Now, for each x11, y11 ∈ R11, ψ(x11, y11) = eψ(x11, y11)e. We have ψ(x11, y11) ∈ R11 for all x11, y11 ∈ R11. moreover, for any r12 ∈ R12, we have ψ(x11, y11)r12 = 0. That is, eψ(x11, y11)eR(1 − e) = 0 for all x11, y11 ∈ R11.
We get eψ(x11, y11)e = 0 in light of condition (iii). In other words, we have ψ(x11, y11) = 0 for each x11, y11 ∈ R11.
Observe that, with the conclusions derived above, it only remains to show that ψ(x11 + x12, y11 + y12) = 0 for all x11, y11 ∈ R11 and x12, y12 ∈ R12. For each r11 ∈ R11, we get r11ψ(x11 + x12, y11 + y12) = ψ(z11, w11) = 0 in view of (16). For each r21 ∈ R21, we have r21ψ(x11 + x12, y11 + y12) = ψ(m11, n11) = 0 in the light of (16). For any r12 ∈ R12, we find r12ψ(x11 + x12, y11 + y12) = ψ(z12, w12) = 0 with the aid of (15). Similarly, we obtain r22ψ(x11 + x12, y11 + y12) = 0 for all r22 ∈ R22.
On combining all these computed expressions, we get Rψ(x11 + x12, y11 + y12) = 0, hence by hypothesis (ii) we have ψ(x11 + x12, y11 + y12) = 0 for all x11, y11 ∈ R11.
(17)
Now, we are ready to prove our main result. In the view of Eq. (17), we have ψ(u, v) = 0 for all u, v ∈ eR. For any x, y, r ∈ R, we have ψ(x, y)er = ψ(erx, ery) = 0. That is, ψ(x, y)eR = 0 for all x, y ∈ R. Hypothesis (i) yields, ψ(x, y) = 0 for all x, y ∈ R.
We conclude with a limitation of our main results:
Remark 3.2 : In [INH57] Herstein proved that every prime ring admitting a reverse derivation is a commutative integral domain (so it does not contain any non-trivial idempotent element). This result ensures that our outcomes do not hold on the class of prime rings.
